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We exactly analyze, on the mean-field level, the low-momentum properties of a single impurity
atom loaded in the dilute one-dimensional Bose gas with two- and three-body short-range inter-
actions. Particularly the Bose polaron binding energy and the quasiparticle residue are calculated
for the considered system in the broad region of parameters change. We also explore the generic
mean-field formula for the polaron effective mass which was shown to depend on the density profile
of bath particles with a motionless impurity immersed.
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I. INTRODUCTION
Talking about impurities in condensed matter systems
we mainly keep in mind the situation when a very small
number of atoms is immersed in the majority of bath
particles. Then in the linear approximation over the den-
sity of extraneous particles both an effects of the impu-
rity statistics and the impurity-impurity interaction can
be freely neglected and one faces the problem of a sin-
gle particle loaded in the many-body medium. When
this medium is formed by cold Bose-condensed atoms
the problem is usually called the Bose polaron one. In
the past few years these low-temperature objects, which
are very interesting from theoretical point of view (see
for review [1]) and can be realized in the ultracold-atoms
setup [2, 3], attracted much attention of experimental-
ists [4, 5], which in turn, stimulated numerous theoretical
studies [6–23].
The most promising candidates for the observation of
non-trivial quantum phases and for the potential appli-
cation in engineering of quantum devices [24], however,
are the low-dimensional Bose polarons. Particularly the
dynamics [25, 26] and thermodynamical properties of an
impurity interacting via a short-range potential with the
surrounding one-dimensional Bose bath with a contact
interaction between particles was extensively studied ex-
perimentally [27], by means of quantum [28] and diffu-
sion [29] Monte Carlo simulations or using various ap-
proximate techniques [30–35]. Moreover, in the equal-
mass limit this model is exactly solvable [36, 37]. How-
ever, the Bethe ansatz wave function underlying this
solution can be applied to Bose particles with a pair-
wise contact potential only, and the inclusion of higher-
order few-body interactions excludes the exact consider-
ation. On the other hand, very recently the properties of
one-dimensional Bose gas with a three-body interactions
[38, 39] has become the subject of lively discussions [40–
42]. The Bose polaron problem, to our knowledge, was
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not previously considered in such media, therefore, the
objective of present article is to explore the properties a
moving impurity in a dilute 1D bath formed by Bose par-
ticles interacting via the two- and three-body short-range
potentials.
II. FORMULATION
So in the following we discuss the motion of a sin-
gle impurity atom immersed in the one-dimensional bath
formed by N Bose particles. The system is assumed to be
loaded in a large volume L (the periodic boundary con-
ditions are imposed) and our discussion is limited to the
examination of thermodynamic limit (N → ∞, L → ∞
but N/L = n¯). Adopting the second-quantized descrip-
tion for bosons the appropriate Hamiltonian reads
H = − ~
2
2mI
∂2zI +Hint +HB , (2.1)
where the first term is the kinetic energy of impurity
which position is denoted by zI ∈ [−L/2, L/2], and the
second one
Hint = gψ
+(zI)ψ(zI), (2.2)
that describes the delta-like two-body interaction
between impurity and bath-forming particles which
strength is characterized by coupling constants g. The
Hamiltonian of Bose particles with mass m and chemical
potential µ
HB =
∫
dz ψ+(z)
{
− ~
2
2m
∂2z − µ
}
ψ(z)
+
∑
l=2,3
gl
l!
∫
dz[ψ+(z)]l[ψ(z)]l, (2.3)
includes two- and three-body short-range potentials with
coupling parameters g2 and g3, respectively. The field
operators ψ+(z) and ψ(z) presented in (2.3) satisfy the
standard bosonic commutation relations [ψ(z), ψ+(z′)] =
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2δ(z − z′), [ψ(z), ψ(z′)] = 0. The further consideration is
typical for the Bose polaron problem: taking into account
the conservation of total momentum we perform the
Lee-Low-Pines [43] unitary transformation H ′ = U+HU
with generator U = exp {izI(p− P)}, where ~p should
be treated as the impurity momentum and operator
~P = −i ∫ dz ψ+(z)~∂zψ(z) denotes the momentum of
Bose particles. The unitary-transformed Hamiltonian H ′
commutes with the impurity momentum operator which
eigenvalue can be chosen arbitrary (~p in our case) and
contains extra term
H ′ =
~2p2
2mI
+H ′int +HB + ∆H
′, (2.4)
where the second term now reads H ′int = gψ
+(0)ψ(0),
while the last one ∆H ′ represents both the effective ex-
ternal potential and induced two-body interaction be-
tween bosons associated with the impurity motion
∆H ′ = −~
2p
mI
P + ~
2
2mI
P2. (2.5)
In general, the model (2.4) has no exact solutions. Some
limiting cases g3 = 0 and mI = m (or mI  m) can
be studied by means of the Bethe ansatz wave func-
tion and are well-discussed in the literature. The in-
clusion of the three-body forces, however, completely
breaks the integrability of the model and therefore our
further analysis requires some approximations. In the
present article for the formulated problem we adopt the
mean-field treatment [44] that goes back to the work
of Gross [45] and was recently shown [32] to allow the
analytical description of 1D Bose polarons. The main
idea is to replace in the normal-ordered Hamiltonian
H ′ the Bose field operators by some complex function
ψ+(z) → ψ∗(z) and ψ(z) → ψ(z), which minimizes the
appropriate energy functional. This replacement is iden-
tical to the use of the trial ground-state wave function
Ψ ∝ ∏z |ψ(z)〉 written in coherent states representa-
tion or Ψ ∝ ∏1≤j≤N ψ(zj − zI) explicitly in the coor-
dinate representation for the initial Hamiltonian (2.1).
Of course, such a simplified consideration that is only
applicable to Bose particles and substantially facilitates
the theoretical description of the problem is not without
flaws. Particularly, it fully neglects important quantum
correlations which are responsible for the emergence of
the off-diagonal quasi-long-range order in the 1D Bose
systems at zero temperature. On the other side, the
mean field approximation is known to give the correct
first-order thermodynamics of weakly-interacting Bose
systems, which narrows the range of applicability of the
obtained results to the case of dilute Bose environments.
Before we explicitly write down the equation for the
unknown function that extremizes energy functional it is
convenient, in context of further calculations especially
at non-zero ~p, to introduce the Madelung parametriza-
tion ψ∗(z) =
√
n(z)e−iϕ(z), ψ(z) =
√
n(z)eiϕ(z), where
the amplitude n(z) is taken in our case as a microscopic
density of bosons at position z. Now, the couple of the
Euler-Lagrange equations that determine the phase ϕ(z)
and density n(z) fields reads
− ~
2
4mr
nzz
n
+
~2
8mr
n2z
n2
+
~2
2mr
ϕ2z + g2n+
1
2
g3n
2
+gδ(z)− µ− ~
2
mI
ϕz(p− P) = 0, (2.6)
− ~
2
mr
∂z(nϕz) +
~2
mI
(p− P)nz = 0, (2.7)
where the subscript z denotes the differentiation with
respect to position. The impurity-boson reduced mass
mr = mmI/(m + mI) occurred in the above formulae
due to normal ordering of the last term in Eq. (2.5). We
have also used the same notation ~P = ∫ dz n~ϕz for
the expectation value of the Bose gas total momentum
calculated in the mean-field approximation.
The search for the solution of the system of coupled
equations (2.6), (2.7) should be started from solving the
second one. The formal solution, up to a constant which
provides periodic boundary conditions but is of order 1/L
and thus is irrelevant for our calculations, yields
ϕz(z) =
mr
mI
(p− P)[1− n∞/n(z)], (2.8)
where n∞ = n(±L/2). Note that expression (2.8) en-
sures that the value of P is of order unity. Then the
formula for ϕz should be substituted in the first equa-
tion of the system to find the density profile n(z) of Bose
particles with the immersed impurity moving with mo-
mentum ~p. Actually, this equation for a given p should
be solved self-consistently with the mean-field value of
quantity
P = p∆p
1 + ∆p
, ∆p =
mr
mI
∫
dz
(n− n∞)2
n
, (2.9)
where ∆p also depends on p. The above form of P was
obtained from the second Euler-Lagrange equation (2.7)
by multiplying the both sides on ϕ with the subsequent
integration by parts. The ground-state energy of system
“Bose gas + moving impurity” then reads
Ep = µN − g2
2
∫
dz n2 − g3
3
∫
dz n3
+
~2
2mI
(p2 − P2). (2.10)
The energy of the polaron εp = Ep−E0|g=0 can be easily
calculated as a difference of (2.10) and the mean-field
energy of a homogeneous Bose system without impurity.
An important quantity that determines the polaron
density of states near its peak, in measurements when a
small amount of impurity atoms is loaded in Bose con-
densate, is the quasiparticle residue Zp. In the presented
3techniques it is given by the modular square of the over-
lap integral Zp = |〈Ψ0|Ψ〉|2 between the ground state of
the homogeneous Bose system Ψ0 and the wave function
in the presence of an impurity. For one-dimensional Bose
polarons at absolute zero [29, 33] and for two-dimensional
ones at finite temperatures [46] this quantity demon-
strates a singular behavior (known as an orthogonality
catastrophe in 1D). The mean-field ansatz, however, does
not capture these peculiarities in 1D giving a finite p-
dependent result
lnZp = −n¯
∫
dz [n/n∞ + 1
−2
√
n/n∞ cos(ϕ− ϕ∞)
]
, (2.11)
(where ϕ∞ = ϕ(±L/2)) in the large-N limit.
III. LOW-MOMENTUM POLARON SPECTRUM
Unfortunately, we did not succeed in obtaining the full
analytic solution of the presented problem at arbitrary p,
i.e., we did not find the energy of a moving polaron in the
most general case. The global features of the low-energy
polaronic spectra, however, are known without exact so-
lution of the problem. This dependence is quadratic over
the momentum of the moving particle
εp→0 = ε0 +
~2p2
2m∗I
+ . . . , (3.12)
where the binding energy ε0 can be calculated using the
density profile of the Bose gas with a motionless impurity
immersed. The effective mass m∗I is also affected by the
interaction with the medium, and now we are going to
argue that it is also determined by the spatial distribu-
tion of the bath particles at zero impurity momentum.
Suppose that we have found the solution when p = 0,
where the problem simplifies substantially. Indeed, from
Eq. (2.7) we find ϕz = 0 (and consequently P = 0) and
the density profile of bosons is given by simple equation,
which in our case, allows for the existence of an exact ana-
lytic solution in terms of elementary functions. Then the
polaron binding energy is easily calculated. Moreover,
with this solution in hand and by using Eq. (2.9), we are
in position to obtain the coefficient that determines the
leading-order linear dependence of quantity ~P on mo-
mentum ~p when impurity starts to move slowly. The
latter enables the calculations of the correction to the
total energy functional in the small-p limit
~2
2mr
∫
dz nϕ2z +
~2
2mI
(p− P)2
=
~2p2
2mI
1
1 + ∆0
=
~2p2
2m∗I
, (3.13)
which actually determines the Bose polaron effective
mass. Finally, it should be noted that the above for-
mula is not restricted to the considered problem and can
be easily used to obtain the so-called hydrodynamic ef-
fective mass of an impurity for any other mean-field-like
treatments. Because the only information required for
its evaluation is the density profile of the bath-forming
particles in the presence of a static impurity, which in
principle, can be approximately calculated by means of
the local density approximation for arbitrary media.
Equation (2.6) at zero p reduces to the following one:
− ~
2
2mr
√
n
∂2z
√
n+ g2n+
1
2
g3n
2 + gδ(z) = µ, (3.14)
which generic solution without three-body forces (i.e.
when g3=0) is well-discussed in literature [47, 48] for
an arbitrary number of Bose particles loaded in a finite
volume L, but in the thermodynamic limit (L → ∞)
only phase with g2 > 0 is stable. In a case of non-zero
three-body coupling the situation is a little bit more com-
plicated. The chemical potential equals to n¯g2 + n¯
2g3/2
and the uniform phase is thermodynamically stable when
g3 > −g2/n¯ both for repulsive (g2 > 0) and attrac-
tive (g2 < 0) two-body interaction. Below we restrict
our analysis to the experimentally relevant case of a di-
lute Bose bath with the two-body repulsion g2 > 0 only
and additionally we assume that the system without im-
purity does not collapse (i.e., condition g3 > −g2/n¯
is always satisfied). Imposing periodic boundary con-
ditions n(±L/2) = n∞ in the thermodynamic limit
(n∞ = finite) we immediately obtain
n(z)
n∞
=
cosh(2κ|z|+ y0)− σ
cosh(2κ|z|+ y0) + σγ , (3.15)
here σ = sign(g), the density at infinity is defined
as follows g2n∞ + g3n2∞/2 = µ, the chemical poten-
tial is determined by the normalization
∫
dz n = N ,
κ =
√
mr(g2n∞ + g3n2∞)/~ and γ =
η2+4η3/3
η2+2η3/3
, where
dimensionless couplings equal to η2 = mg2/(~2n∞) and
η3 = mg3/~2, respectively. Parameter y0 is fixed by the
boundary condition originating from the delta-function
term in Eq. (3.14) and in general is determined by the
cubic equation. After the introduction of additional no-
tation ξ = mrg/(~2κ) the explicit expressions for y0 are
coth(y0/2) = ξ/3 + (2/3)
√
3 + ξ2
× cos
{
1
3
arccos
[
ξ3 + 9ξη22(η2+η3)
(3 + ξ2)3/2
]}
, (3.16)
for repulsive (g > 0) and
tanh(y0/2) = −|ξ|/3 + (2/3)
√
3 + ξ2
× cos
pi3 − 13 arccos
 |ξ|3 + 9|ξ|η22(η2+η3)
(3 + ξ2)3/2
 ,(3.17)
for attractive (g < 0) Bose polarons. Within the density
profile (3.15) all parameters determining the low-energy
4impurity spectrum, namely, the binding energy and the
effective mass can be expressed in terms of elementary
functions. The appropriate formulae are too cumbersome
and therefore not written.
It is looking natural to start the discussion of the ob-
tained results from the comparison of two limiting case,
namely, when the Bose particles interact through the
pairwise potential (g3 = 0 and g2 > 0), and when the
three-body interaction is the only one that is switched
on (g2 = 0 and g3 > 0). The behavior of the impu-
rity in the intermediate region, where all gls are positive,
can be understood from the combination of these limits.
Introducing the energy scale ~2n¯2/m, dimensionless pa-
rameter η = mg/(~2n∞) (at this stage of calculations n∞
can be freely replaced by n¯) that sets the strength of the
boson-impurity interaction, magnitude w = m/mI of the
Bose particles mass in units of the bare mass of the impu-
rity, we presented dependences of the low-energy polaron
spectrum graphically in Figs. 1-3. It is readily seen
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FIG. 1: Graphical dependence of the polaron binding energy
ε0 (in units of ~2n¯2/m) on the boson-impurity coupling con-
stant. Solid and dashed curves correspond to the Bose bath
with fully two- and three-body repulsion, respectively. An-
other parameters are chosen in the following way: mass ratio
w = 1, η2 = 1 (solid line) and η3 = 1 (dashed line). The
inset shows two curves at the positive semi-axis, i.e., for the
repulsive Bose polaron.
from Fig. 1 that the binding energy of the repulsive Bose
polaron in the Bose gas with only two- or three-body
interactions behaves qualitatively the same. The main
differences appear for the attractive Bose polaron, espe-
cially at large |g|. Particularly the leading-order asymp-
tote of the impurity energy changes from ε0 ∝ −|g|3 in
the case of fully two-body repulsion between bosons to
ε0 ∝ −|g|2 in the case when only the tree-body interac-
tion is present. This asymptotic behavoir of the binding
energy survives in the general case, when both g2 and g3
are non-zero. The physics in this limit, however, is quite
clear: the impurity forms a two-body bound state with
particles of Bose medium and consequently the binding
energy reaches ε0 → −mrg2/(2~2). This contradiction
is not actually unexpected because the structure of the
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FIG. 2: Polaron effective mass in the Bose system with two-
(solid line) and three-body (dashed line) interaction. Other
parameters are the same as in Fig. 1.
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FIG. 3: Wave function renormalization Z0 in the presence of
motionless impurity w = 1, η2 = 1 (solid line) and η3 = 1
(dashed line).
mean-field ansatz does not allow for the bound-state for-
mation in the thermodynamic limit.
The calculated effective mass (Fig. 2) reveals the differ-
ences between the two Bose environments more clearly.
In the presence of the two-body repulsion (g3 = 0) only,
the quantity ∆0 determining the polaron effective mass
is a very simple symmetric function of g and is given by
∆0|g3=0 =
4mrn¯
mIκ
[√
1 + (κg/2µ)
2 − 1
]
. (3.18)
In the opposite limit (g2 = 0), the effective mass differs
for the repulsive and attractive Bose polarons (a cumber-
some explicit analytic expression determining ∆0 can be
obtained even in this case). It diverges when g → ±∞,
which is expected to be a qualitatively correct behavior
for the repulsive boson-impurity interaction and totally
incorrect for the attractive Bose polaron.
The preliminary conclusions drawn above for the ef-
5fective mass can be easily extended to the quasiparticle
residue (see Fig. 3), which was shown to demonstrate
distinct dependence on the boson-impurity coupling pa-
rameter for the Bose gas with two- and three-body inter-
action, especially when g < 0.
In order to reveal the interplay between two- and three-
body forces in the one-dimensional Bose condensate on
the behavior of a single impurity we build the graphi-
cal dependences of parameters of the polaron low-energy
spectrum in Figs. 4-5. Particularly we fixed the strength
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FIG. 4: Typical dependence of the polaron binding energy ε0
(in units of ~2n¯2/m) on the dimensionless three-body coupling
constant η3 presented here for three different mass ratios and
fixed two-body boson-boson η2 = 1 and boson-impurity η = 5
couplings.
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FIG. 5: Quasiparticle residue and impurity effective mass (in-
set) as functions of the three-body interaction parameter.
of a boson-boson two-body coupling η2 = 1 and fo-
cused on the case of a repulsive Bose polaron (η = 5),
where our mean-field consideration is expected to work
correctly. Varying the three-body coupling parameter
in the region, where the Bose system without impurity
is stable η3 ∈ (−1,∞), at three different mass ratios
w = 1/10; 1; 10, we have numerically examined the im-
pact of the three-body interaction (from weak attraction
to strong repulsion) on properties of the system. Fig-
ures 4-5 outline the general tendency: an increase of the
three-body repulsion leads to exhausting of the interac-
tion effects. In particular, the impurity binding energy
grows in the initial region and then reaches the constant
value at large g3, while the quasiparticle residue and the
effective mass (see Fig. 5) monotonically tend to unity.
Qualitatively the same behavior is observed while chang-
ing strength of the boson-impurity interaction (impor-
tantly that it should be the repulsive one).
It is also instructive to find out the influence of var-
ious mass ratios from static w = 0 to light w → ∞
impurity on the properties of one-dimensional Bose po-
laron. For these purposes we have plotted in Fig. 6 the
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FIG. 6: Parameters of the low-energy Bose polaron spectrum
(η2 = η3 = 1 and η = 5) versus the mass ratio parameter w.
dependences of low-momentum parameters of the impu-
rity spectrum on parameter w. In order to take into
account both the two-body and three-body interaction
effects on equal footing the dimensionless coupling con-
stants were chosen as follows η2 = η3 = 1. The strength
of the boson-impurity short-range potential is assumed
to be somewhat stronger η = 5. As it is seen from the
presented graphical dependenciesm the binding energy
slowly grows with the increase of the mass ratio w, while
the effective mass and the wave-function overlap tend to
unity.
IV. CONCLUSIONS
In conclusion, by using a simple and efficient method
we exactly analyzed the mean-field behavior of an im-
purity immersed in the one-dimensional Bose gas with
two- and three-body interaction between particles. We
focused only on the low-momentum region of the po-
laron properties, namely, biding energy and quasiparti-
6cle residue and obtained a simple and obvious expression
for the impurity effective mass in the surrounding Bose
medium. On the mean-field level, all these observables
are explicitly related to the density profile of bath par-
ticles that uniform distribution is disturbed by the pres-
ence of a point-like impurity. Remarkably, that this spa-
tial distribution of the bath-forming bosons with contact
two- and three-body interactions was found in our article
to be given by a simple analytical formula. The obtained
results may be summarized in the following statements:
first, by allowing the three-boson interaction we totally
change properties of the attractive Bose polaron, espe-
cially in the region of a strong boson-impurity attraction;
second, even for the repulsive boson-impurity potential,
where actually the adopted mean-field approach is qual-
itatively correct, the presence of three-body forces leads
to essential exhausting of the interaction effects in the be-
havior of a mobile impurity. Finally, it should be noted
that the mean-field construction of the 1D Bose polaron
presented in this paper can be straightforwardly extended
on higher dimensions and after some modifications on the
description of 1D bipolaronic systems [49].
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